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Chapter 7

Wavelets and Multiresolution Processing
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 Fundamental motivation for multiresolution
processing

* Fig. 7.1
* Image pyramid — representation of images at
more than one resolution
* Fig. 7.2(a)
» Prediction residual pyramids — Fig. 7.2(b)
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FIGURE 7.1 A
natural image and
its local histogram
variations.
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- Example 7.1-Gaussian and Laplacian pyramids. e
b

FIGURE 7.3 'Two
image pvramids
and their
statistics: (a) a
Gaussian
(approximation)
pyvramid and (b) a
Laplacian
(prediction
residual) pyramid.




Preview

m Fourier transform
m Basis functions are sinusoids ~

Sine Wave

m \Wavelet transform - &

m Basis functions are small waves, of

varying frequency and limited
duration ~,

Wavelet (db10]
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Signal representation (1)

m Fourier transform f(X) _ J‘OO F(U)ejzmxdu

Fourier
—-——_;__F_P_'_ __________ — e —
Transform
Signal Constituent sinusoids of different frequencies

Sinusoid has unlimited duration




Signal representation (2)

m Wavelet transform

f(t)= I:C(scale, position)y (scale, position,t)dt

Signal Constituent wavelets of different scales and positions

A wavelet has compact support (limited duration)
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Scaling (1)

m What Is the scale factor?

—— T
.-"If -HH"H.\_ 5
e e
m____i -
"-\-\._\_h_ ;-"P’
| q"“ﬂ-q_______-d—"’
o 3 4 A i
1- T
-'.--.-. ' q_h
o
e E
% Vs
'\'\-\.\_\.\.-\l . -
1= el
U = 3 | 7] ]
1= —
I "‘,ﬁ
C"i ', .
,
S
= = - 1
] - = H| 4 5 £

Ex#1: Plot the above diagrams (hint: plot command)

f(t) = sin(t); a

fit) = sin(2t); a

fit) = sin(4¢t); a
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Scaling (2)

H m Scaling for wavelet function

f(t) =w(t) ;

f(t) = wiZt) ;

f(t) = wi4t) ;



m Shift for wavelet function

Wavelet function I:I
Wit)

Shifted wavelet function
wit—k)




Steps to compute a continuous

wavelet transform
m [ake a wavelet

and calculate its M[\
similarity to the Signal -**’_M

original signal

C =0.0102

m Shift the wavelet
and repeat

=
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Steps to compute a continuous

wavelet transform
m Scale the wavelet and repeat

C =0.2247




Scale and frequency

~ AWM SR VAL
ﬂf\k_ Wavele -x/V\,»A

Low scale High scale

Rapid change Slow change
High frequency Low frequency




Discrete wavelet transform

m Continuous wavelet transform: calculate
wavelet coefficient at every possible scale
and shift

m Discrete wavelet transform: choose scale
and shift on powers of two (dyadic scale
and shift)

m Fast wavelet transform exist
m Perfect reconstruction

15




Filtering structure for wavelet

transform

m S. Mallat derived the subband filtering
structure for wavelet transform

-
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Multi-level decomposition

) m \Wavelet decomposition tree

Low pass High pass
filters filters
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Two-dimensional wavelet transform

Two-Dimensional SWT

Decomposition Step

columns
rows r F_,i' - EA;'H'
- F. -
J columns
i o
G, = it
J horizontal
o -
/ columns .
eD."
- F. - +1
. m:s R d uer'.lrticﬂl
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- Gj = Ll ]
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DWT using Matlab

B avemenu
m Choose wavelet 2-D

m Load image ->
toolbox/wavelet/waved
emo/wbarb.mat

m Bior3.7, level 2

m Square and tree mode

19
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Subband coding

An important multiresolution image analysis

An image is decomposed into a set of band-limited
components- subbands

Each subband is generated by bandpass filtering

Since the bandwith of subbands is smaller than that of
the original image - the subbands can be
downsampled without loss of information.
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Reconstruction of the original image is accomplished by
upampling, filtering, and summing the subbands.

See Fig. 7.4.

Analysis filters hy(n) and h;(n)
Synthesis filters g,(n) and g,(n)
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d

b ho(n) | 24

FIGURE7.4 (a) A Pn{n]—I
two-band filter 1 n) m— Analysis
bank for one-
dimensional

h
subband coding 1) 2
and decoding, and
(b} its spectrum
splitting
propertics Ho(o)| Hi(o)]

24 ol )

Svnthesis x(n)

r,‘r’l[""]

24 gi(n)

Low band

I
I
I
I
High band |
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 Perfect reconstruction filters
* Quadrature mirror filters (QMF)
» Conjugate quadrature filters (CQF)
« Orthonormal filters ( used for wavelet transformation)
Filter QOMF CQF Orthonormal .ll;ﬁefflif -1
B Hy(2)Hi(z ') + . reconstruction
Ho@)  HY@) —Hi(2) =2 gty g Gl@) filter families,
H,(z) Hy(-2) E_IHU(_E_l} Gl(z_l]
_ GG[E]GU(‘T_I] +
Go(2)  Hi(2) Hdz) Gi(~2)G—2 1) = 2
Gi(2) —Hy(—2)
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2D subband filtering

FIGURE7.5 A
ho(n) 2y ® a(m, n) two-dimensional.
Columns four-band filter
(along n) bank for subband
flolm) 2 image coding.
Rows
(along 1) hy(n) 24— d(m.n)
x(m, n) a— Columns
ho(n) 24 ——e df(m, n)
Columns
hy(m) 2y
Rows
hy(n) z+ - 8 dV(m. n)
Columns
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8-tap orthonormal filters ; Results in Fig. 7.7 “He
FIGURE 7.6 The hy (1) Iy (n)
impulse responses 1 1
of four 8-tap
Daubechies 05 - 05 b
orthonormal
filters
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FIGURE7.7 A

_,,.*ﬂ,sr' C T four-band split of  sn9
7 - . e pe——— the vase in Fig. 7.1 Y
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» Haar Transform
+ Oldest and simplest orthonormal wavelets
- Transformation matrix in page 362.

« Example 7.3

» Discrete wavelet transformation using Haar basis.
* InFig. 7.8
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FIGURE 7.8 (a) A Laboratory

discrete wavelet
transform using
Haar basis
functions. Its local
histogram

variations are also
shown;

(b)—(d) Several
different
approximations
(64 X 64,

128 > 128, and
256 X 256) that
can be obtained
from (a).
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» Series expansions
+ Expansion coefficients
» Expansion functions.
« If the expansion is unique - Basis functions
» Scaling function
« Binary scalings
- Eq. 7.2-10
« Example 7.4
« The Haar scaling function
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¢o.0(x) = o(x) eo(x) = ¢@(x — 1) ab Image

c d V
| | e f Processing
1 | FIGURE 7.9 Haar —200ra0rY

scaling functions
| in .VE] in V| .

| t | )
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o olx) = V2 o(2x) o1 q(x) = V2¢(2x — 1)
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Subapaces containing high-resolution function must
also contain all low resolution functions

FIGURE 7.10 The V,CV,CV,
nested function

spaces spanned by
a scaling function. .
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Wavelet Functions 7
w,—,k(X)zzéw(zjx—k) (7.2-19)
Wi = Spkan{w L0f (7.2-20)
oW, = VoW, R

relationship
between scaling
and wavelet
function spaces.
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tr(x) =ty p(x)

I, o(%) = V2(2x)

1
0
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FIGURE 7.12 Haar
wavelet functions
in W and W,.
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+ Wavelet Series expansions

« Example 7.7
» The Haar Wavelet Series expansion of y = x 2

» Discrete Wavelet Transform
» Eq. 7.3-5 ~7.3-7

» Continuous Wavelet Transform
- Eq. 7.3-8 ~7.3-11
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lFI'GURIE 7.13 A wavelet series expansion of y = x? using Haar wavelets.
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FIGURE 7.14 The
continuous
wavelet transform
(cand d) and
Fourier spectrum
(byofa
continuous one-
dimensional
function (a).
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The Fast WT
FIGURE 7.15 An _
FWT analysis hy(—n) 2y ® WylJ.n)

bank.

Wel(f + 1,n) 8—

ho(=n)— 29 —® Wi n)

!
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hy(—n) 29 —®Wy(J — 1.n) E

FIGURE 7.16

‘{; E:{:};} -— hy(—n) 24— Wy(J — 2.n) (a) A two-stage or

two-scale FWT
analysis bank and
h.(—n) 24 Wl — 1,n) (b} its frequency
splitting
characteristics.

) 24 —eW, (7 —2,n)




Example 7-10 1-D FWT

{_M ’ _3.1'#\*"'}5": ?;"II\"E! _3-I'II\""E= ﬂ}

wﬂ%ln‘i E gﬂ'}]‘}-— Wo(l.n) = {5/V2.-3/V2} ~\

B I FAVE IS FAYE) z+

— EUVZNVDE I 24— Wy(Ln) = {3/V2 3V
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{-1/V2.1/V2}

———@ W,,(0,0) = {4}

|

{1/V2.5/V2.1/v2.-3/v2.0}

FIGURE 7.17 Computing a two-scale fast wavelet transform of sequence {1, 4, =3, 0} using Haar scaling and

wavelel vectors.

E

{=2.54,

/NVZ V2 -

@ W,(D.0) = {1}

(25.1,

-1.5)
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FWT-2

. FIGURE 7.18 The
Wyli.n) e— 24 hy(n) FWT ! synthesis
filter bank.

G Weli + 1.n)
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Two scale FWT-1
FIGURE 7.19 A
two-stage or two- Wy(J = 1,n) e— 24 hy(n)
scale FWT™!
synthesis bank.
Wyl — 2,n) @—| 24 hy(n) We(l,n)
We(J = 1.n)
+ 24 h(n)

We(d —2,n) e—{ 24 h.(n)
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Example 7-10 1-D FWT-1

Wy(ln) = {=3/V2.

W(0.0) = {4} #—

4. 0}

{1/V2.-1/v2}

We(0.0) = {1} #—

2}

L0

R RYIY)

1=3/vZ2.0,-3/v2,0}

24 [1/V2 -1V}

{4/V2,-4V2, 0}

N2 NG,

o

(Ln) = {5/V2.-3/V2}

24 {13 1V3)

{5/Vv2,0,-3/7v2, 0}
O}

1-15.1.5,-1.5, 1.5.0}

fln) = We(2, n)
= {1.4.-3.0}

12.5,2.5,-1.5.-1.5.0}

FIGURE 7.20 Computing a two-scale inverse fast wavelet transform of sequence {1, 4. —1.5v2, —1.5vZ} with
Haar scaling and wavelet vectors.
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FIGURE 7.21 Time-frequency tilings for (a) sampled data. (b) FFT. and (¢) FWT basis @

functions.
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hy(-m)— 24— WE'[ﬁ m, n) Image

R Video

OWSs .

Plispkiy o e
Columns v y
(along n) hg(—m)— 2+ 1 Wii'(-';' m, n)

S The 2-D WT

hy(—m)l— 24 |—a Wi, m.n)

Rows

— hp(—n)— 24 —

Columns

ho(—m)— 24 ——® We(j.m, n)

Rows

Weljm.n) Wﬁf{.i, nin)

We(j +1,m.n)

) #3:.m.n

Wi, m. n) 8—| 24 |— hy(m)

Rows
(along m) 24 hy(n) —
v Columns
Wi li. m., n) @— 2h | hg(m) (along n)
Rows G— Woli +1,m.n)
Wi, m. n) e—| 24 | hy(m)
Rows
2 L hy(n)
; Columns a  FIGURE 7.22 The two-dimensional fast wavelet transform: (a) the analysis filter bank;
Welf, m.n) @— 24 — he(m) b (b) the resulting decomposition; and (c) the synthesis filter bank.
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three-scale FW'T.
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FIGURE 7.24
Fourth-order
symlets:

(a)—(b) decompo-
sition filters;
(c)—(d) recon-
struction filters;
(e) the one-
dimensional
wavelet; () the
one-dimensional
scaling function;
and (g) one of
three two-
dimensional
wavelets,

a,-';”(x. }'}

ho(n) = h.(—n)

1.2

0.8
0.6
0.4
0.2

- O

]
e
CNRR <
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Fig. 7.24 (Con't)

(x)e(y) — |
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FIGURE 7.25
Modifying a DW'T
for edge
detection: (a) and
(C) two-scale
decompositions
with selected
coelficients
deleted: (b) and
(d) the
corresponding
reconstructions,

sessing
yratory
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FIGURE 7.26 Laboratory
Modifying a DWT

for noise removal:
(a) a noisy MRI
of a human head;
(b), (c) and

(e} various
reconstructions
after thresholding
the detail
coefficients: (d)
and (f) the
information
removed during
the reconstruction
of (c) and (e).
(Original image
courtesy
Vanderbuilt
University
Medical Center.)
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wy;— Lny Wyl — 1n) Vi Wy
Wold = 2n) Wyl - 2n) Vi_s Wi_s

FIGURE 7.27 A coefficient (a) and analysis (b) tree for the two-scale FWT analysis
bank of Fig. 7.16.
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hy(=n)— 24 —e W
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s Wr-2

hy(—n) 2¢ OWj-3
Vi-2

hy(—n) 48V 3

Image
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d
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FIGURE 7.28 A
three-scale FWT
filter bank:

(a) block diagram;
(b) decomposition
space tree; and

(c) spectrum
splitting
characteristics.
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FIGURE 7.29 A three-scale wavelet packet analysis tree.
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FIGURE 7.30 The
(a) filter bank and
(b) spectrum
splitting
characteristics of
a three-scale full
wavelet packet
analysis tree.
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FIGURE 7.31 The
spectrum of the
decomposition in
Eq. (7.6-5).
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FIGURE 7.32 The
first
decomposition of
a two-dimensional
FWT: (a) the
spectrum and

(b) the subspace
analysis tree.
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FIGURE 7.33 A three-scale, full wavelet packet decomposition tree. Only a portion of the tree is provided.
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a b

FIGURE 7.34 (a) A scanned fingerprint and (b) its three-scale, full wavelet packet decomposition. (Original
image courtesy of the National Institute of Standards and Technology.)
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FIGURE 7.35 An
optimal wavelet
packet
decompaosition for

the fingerprint of
Fig. 7.34(a).
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FIGURE 7.36 The optimal wavelet packet analysis tree for the decomposition in Fig. 7.35.
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FIGURE 7.37 A
member of the
Cohen-
Daubechies-
Feauveau
biorthogonal
wavelet family:
(a) and

(b) decomposition
filter coefficients:
(c) and

(d) reconstruction
filter coefficients;
(e)—(h) dual
wavelet and
scaling functions.
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